ABSTRACT The robust distributed finite time consensus of second-order multi-agent systems via pinning control has been investigated in this paper. A new nonsingular finite time terminal sliding-mode control method is proposed for second-order single system with disturbances. Based on the pinning error function vector, robust distributed finite time consensus of second-order multi-agent systems via pinning control method is given. Simulations results are performed to validate the effectiveness of the theoretical results.
I. INTRODUCTION
In the past few decades, the consensus of multi-agent systems has aroused growing attention due to its significant impacts in broad applications, such as formation control [1] , sensor networks [2] , unmanned aerial vehicles [3] , robotic systems [4] , and distributed smart grids [5] . Some recent relative literatures are introduced, and these are useful to understand the consensus of multi-agent systems [6] - [11] . Distributed consensus is a key component of multi-agent systems, which aims to let all agents reach an agreement to a certain degree by only using the local neighboring information [12] - [18] .
Consensus algorithms are primarily studied for first order system. This paper focuses on consensus algorithms for second order system, which are more challenging than those for first order system [19] . Multiple solutions are proposed to achieve the consensus of second-order systems. Many of the solutions are finite time based -aiming to achieve the consensus in finite time. Finite time based solutions take advantage of fast convergence and high resistance to disturbance. Some typical finite time based approaches include power integrator method [20] , homogeneous method [21] , and terminal sliding mode control (TSM) [22] are proposed. Nevertheless, they do have limitations. For power integrator methods, it only solves the first order consensus, and all the second order state comes to zero. Homogeneous methods, likewise, are only applicable to specialized systems without any disturbance. Terminal sliding mode control methods are not distributed either. Therefore, it is necessary to further study the robust distributed finite time consensus protocols for second-order multi-agent systems.
The advantages of TSM method are noteworthy; for example, it can achieve finite time convergence with high steady state accuracy [23] - [26] . It also forms the basis of more realistic models, such as the nonsingular TSM [24] , [25] , which addresses the singularity problems. Recently, a new nonsingular TSM was proposed for general dynamical systems [26] . For the consensus of multi-agent system, there is still no result about the distributed result.
In addition, pinning strategies have been extensively studied since the pioneering work came out [27] . Pinning controls -in particular -can achieve the consensus in difficult cases (e.g., in some cases, the consensus cannot be achieved due to its intrinsic structures; in other cases, even when the when the consensus is achieved, the common value is not the expected one) [28] . It adds additional controllers to the nodes in multi-agent systems using different pinning strategies: some work focusses on pinning only a subset of network nodes [29] - [31] , whereas others examine the selection of pinned candidates [32] , [33] . Especially, the consensus can be achieved by only pinning one node [34] , [35] . Thus, it is valuable to propose innovative TSM methods incorporated with pinning functions to achieve the distributed consensus of second-order systems.
In this paper, we propose a robust distributed model that achieves the finite time consensus of second-order systems. The specific contributions are threefold:
1. a new nonsingular finite time TSM control method is proposed for second-order single system; 2. the distributed finite time consensus of second-order multi-agent systems via pinning control method is given.
3. the disturbance and the uncertainties have been considered in this paper, and the robust results are given to solve the finite time consensus problem.
The remainder of this paper is organized as follows. The background and preliminaries are given in Section II. Section III proposes a new nonsingular finite time TSM control method. An error function for consensus control is proposed in Section IV, where the design of robust distributed finite time consensus of second-order multi-agent systems is discussed in detail. Section V gives numerical examples to illustrate our results. Concluding remarks are given in Section VI.
II. BACKGROUND AND PRELIMINARIES
In this section, some basic concepts in algebraic graph theory for multi-agent networks are introduced. Then, some lemmas about the finite time stability are reviewed. Last, the problem statement is given.
A. PRELIMINARIES
First, basic concepts of graph theory are introduced.
Consider an undirected multi-agent systems consisting of n agents. Let G = {V , E, A} be a undirected graph, where V = {v i , i = 1, · · · , n} is the set of agents, E ⊆ V × V is the set of edges, and A = a ij ∈ R n×n is the weighted adjacency matrix. Agent i represents the i-th agent, an edge in G is denoted by an unordered pair (i, j) ∈ E. The edge (i, j) denotes that agent i and j can obtain information from each other. If there is no edge between agents i and j, i.e., v i , v j / ∈ E, then a ij = a ji = 0. In contrast, if there is an edge between agents i and j, i.e., v i , v j ∈ E, then a ij = a ji > 0. Assume that a ii = 0 for all i ∈ {1, · · · , n}.
The Laplacian matrix of an undirected graph G is L = l ij ∈ R n×n , where l ii = n j=1 a ij and l ij = −a ij , i = j. A path in the graph G represents a way to traverse from an origin node v i to a destination node v j via edges. An undirected network G is connected if there is a path between any pair of distinct nodes.
Then, the Laplacian of the weighted graph can be defined as
Considered the pinning control, there exists a virtual leader. The connection weight between the i-th agent and the virtual leader is denoted by b i with b i > 0 if the i-th agent can get information from the virtual leader.
B. SOME LEMMAS Then, three lemmas which will be used in the following sections are introduced.
Lemma 1 [31] : If L is irreducible, l ij = l ji ≤ 0, for i = j, and n j=1 l ij = 0, for all i ∈ {1, · · · , n}, then all eigenvalues of the matrix 
are positive for any positive constant b 1 . Lemma 2 [18] : Consider the systemẋ = f (x), where f (0) = 0 and x ∈ R n , there exist a positive definite continuous function V (x) : U → R, real numbers c > 0 and α ∈ (0, 1), and an open neighborhood U 0 ⊂ U of the origin, such thaṫ
C. PROBLEM STATEMENT
For convenience, in this paper, all the independent variables (t) are omitted. Suppose x is a scalar and
The deal of second-order agent dynamics is given as follows:
where i = 1, . . . , n, g i (t) represents the disturbance, and u i (t) is the control inputs. In this paper, the behavior of the virtual leader is independent of other agents. The dynamics of the virtual leader is described as follows:
where x 0k (t)(k = 1, 2) are the states of the virtual leader. The virtual leader may reach an equilibrium point, a periodic orbit, or even a chaotic orbit.
By using the pinning control method, all agents will achieve the consensus to x 0k (t)(k = 1, 2).
Define the following pinning error functions:
where c is the coupling strength.
The objective of control in this paper is to find some appropriate controllers such that all e i1 = 0 and e i2 = 0 in finite time. If all e i1 = e i2 = 0, i = 1, · · · , n, which means
The pinning control is thus achieved.
Due to L1 = 0, it is easy to know that
The following assumptions are needed.
Assumption 1:
The nonlinear function f 0 satisfies the following condition with known constant l f ,
Assumption 2: The disturbance g i satisfies the Lipschitz condition with a known constant δ 1 , which means g i ≤ δ 1 < ∞.
Definition 1: The MAS (1) is said to reach consensus asymptotically, if for any initial condition, we have
Definition 2:
The MAS (1) is said to reach consensus in finite time, if for any initial condition, there exists a finite set-
In this paper, for the second-order multi-agent systems (1) and (2), finite time consensus protocols are discussed with state feedback and output feedback, respectively.
When the consensus of multi-agent systems (1) and (2) is achieved, the coupling terms and control inputs will automatically vanish. This indicates that any solution x i of any single node is also a solution of the whole systems.
III. NONSINGULAR FINITE TIME TSM CONTROL
In this section, a new nonsingular finite time TSM control method is designed.
Consider the following single system as follow:
where, y 1 ∈ R, y 2 ∈ R are the states of the system, u ∈ R is the control input, y = y 1 y 2 T ∈ R 2 . g is the disturbance and the uncertainties, which is satisfied |g| ≤ l g , where l g > 0 is a known constant.
The objective of finite time TSM in this section is to find a sliding mode surface such that the system will get to the sliding mode surface in finite time, and design a control law u such that y 1 and y 2 will converge to zero along s = 0 in finite time.
Define a function as
where
> 0 is a threshold parameter for the saturation function. Theorem 1: If the sliding mode surface is chosen as Eq. (11) and the control is designed as Eq. (10), the second order system (7) will get to the sliding mode surface s = 0 in finite time and converge to zero along s = 0 in finite time.
where 
Consider the Lyapunov function V = 0.5s 2 . Using (7-12), a simple computation giveṡ
y 2 has the singularity problem when y 1 = 0 and y 2 = 0. With the help of Fig. 1 , we have the following results: VOLUME 6, 2018 (
y 2 ) = sgn(y 2 ), subject to y 2 = 0; (4) lim
y 2 is singular only on the y 2 -axis but excluding the point (y 1 = 0, y 2 = 0).
Then, the space can be divided into two different areas, S 1 and S 2 , which defined as follows:
The state S always lies in the area S 1 and crosses the area S 2 . And the state S will always keep in the single point 0 0
T after a finite time.
(1) When all the system states y 1 y 2 T belong to S 1 , the function φ takes value µ. We have,
Then, the system state will get to the sliding surface s = 0 or enter S 2 within finite time.
(2) When all the system states y 1 y 2 T belong to S 2 , the function φ takes value u s sgn(µ). We have,
It is hard to determine the sign ofV . The other method is designed to proof the finite time stability of the system.
When the system states are in S 2 , there are two different cases.
In Case 1, y 2 < 0, that is, below the y 1 -axis. y 1 will always decrease monotonically till reaching and crossing the boundary between S 1 and S 2 in the single direction of decreasing y 1 .
From (7) and (11), we have,
, each item on the right ofẏ 2 is positive, which means y 1 will always decrease monotonically and y 2 will always increase monotonically till reaching and crossing the boundary between S 1 and S 2 in the single direction of decreasing y 1 and increasing y 2 . y 2 (0) is the minimum of all y 2 (t).
Let z = −y 2 > 0, we can get, −ż =ẏ 2 ≥ −β 2 y q 2 /p 2 2 = β 2 z q 2 /p 2 > 0, which meansż ≤ −β 2 z q 2 /p 2 < 0. Then,ż + β 2 z q 2 /p 2 < 0.
By using Lemma 2, z and y 2 will get to zero in finite time, the convergence time is τ 1 , and y 2 will get to y 2 (T ) in finite time T < τ 1 , where τ 1 ≤ −y 2 (0) 1−q 2 /p 2 β 2 (1−q 2 /p 2 ) , y 2 (T ) < 0 is the boundary state of y 2 between S 1 and S 2 .
Hence, the system states y 1 y 2 T will not stay in S 2 forever, but cross from S 2 to S 1 within finite time T . Similarly, in Case 2, y 2 > 0, that is, above the y 1 -axis. y 1 will always increase monotonically till reaching and crossing the boundary between S 1 and S 2 in the single direction of increasing y 1 . Hence, the systems states y 1 y 2 T will not stay in S 2 forever, but cross from S 2 to S 1 within finite time.
Once the system states y 1 y 2 T enter S 1 , the system will satisfy the existence condition of the sliding-mode. Therefore, the system can reach s = 0, stay and move to the zero in finite time. This completes the proof. 
IV. ROBUST DISTRIBUTED FINITE TIME CONSENSUS TRACKING ALGORITHM FOR MULTI-AGENT SYSTEMS
In this section, for the multi-agent systems, we establish some pinning criteria to ensure the finite time synchronization of complex dynamical networks using the second-order synchronization algorithm.
otherwise,
parameter for the saturation function. And define vector functions as:
Theorem 2: Suppose that Assumptions 1 and 2 hold. The connected undirected multi-agent systems (1) and (2) can reach globally robust synchronization in finite time under the following control design:
where I is identity matrix,
≥ 0, p k , q k , are positive odd integers, and q 1 < p 1 < 2q 1 , p 2 > q 2 , and β k is a positive constant, where k = 1, 2, C = cL + b.
Proof: The finite time terminal sliding vector is designed as
From the sliding mode, we know only when all e i1 = e i2 = 0, i = 1, · · · , n, S = E 2 + β 1 CE q 1 /p 1 1 = 0. And if S = 0, all the state of e i1 and e i2 will get to zero in finite time.
One can simply choose the control input as (13), theṅ
Consider the Lyapunov function V = 0.5S T C −1 S. Using (13) and (15), a simple computation giveṡ
)E 2 has the singularity problem.
The i-th space can be divided into two different areas, S i1 and S i2 , defined as follows:
The state S always lies in the area S i1 and crosses the area S i2 . And the state S will keep in the single point 0 0 T after a finite time.
(1) When the system states e i1 e i2 T belong to S i1 , the function φ i takes value µ i . We have,
for S = 0. Then, the system state will get to the sliding surface S = 0 or enter S i2 within finite time.
(2) When the system states e i1 e i2 T belong to S i2 , the function φ i takes value u s sgn(µ i ). We have,
Just like the analysis in Part ĞV, when the system states are in S i2 , there are two different cases. In Case 1, e i2 > 0, that is, above the e i1 -axis; in Case 2, e i2 < 0, that is, below the e i1 -axis.
In Case 1, e i2 > 0,
The following proof is similar to the proof of Theorem 1, so it is omitted here.
(3) When part of the system states belong to S i1 , and the other states belong to S i2 . Due to the control in this paper is distributed, we can separate these states into two situations above, and reach the finite time consensus.
This completes the proof.
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Remark 2: Compared with the results in [19, 20] , it can be found that the major contribution in this paper is the distributed controller which designed in (12) .
Remark 3: To realize synchronization of network (1), some pinning controllers are added to part of its nodes if the network is not self-synchronized. The pinning strategy is applied on a small fraction of the nodes in network (1) . From the analysis above, we know that only when C = cL + b is invertible, the consensus can be achieved. Separate the whole multi-agent systems into several subsystems, and each subsystem is connected. From Lemma 1, if pinning one node with very small pinning strength and a suitable control for each connected subsystem, the whole systems can achieve consensus.
Remark 4: The research on directed topology is great than the undirected topology, and the independent topology is meaningful than the tradition topology [11] . Our next paper will focus on the directed independent topology.
V. NUMERICAL EXAMPLES
In this section, two simulation results are presented to illustrate the performance of the proposed algorithms.
A. NONSINGULAR FINITE TIME TSM CONTROL
Let the initial condition of the state be y 1 (0) = 2 and y 2 (0) = −4, respectively.
Choose the nonsingular finite time TSM Control as
and the terminal sliding mode surface as
When s = 0, which means y 2 = −β 1 y
, y 1 and y 2 will get to zero in finite time. And the settling time on the terminal sliding mode surface is bounded by T ≤ y 1 (0) 1−q 1 /p 1 β 1 (1−q 1 /p 1 ) . Fig. 2 shows the results of the proposed TSM control in (17) . It is seen that the state can get to zero in a finite time under the noisy condition. 
B. CONSENSUS TRACKING CONTROL OF MULTI-AGENT SYSTEMS
First, basic concepts of graph theory are introduced. Consider the second-order multi-agent systems with the topology shown in Fig. 3 . There are six agents indexed by 1, 2, 3, 4, 5 and 6, respectively. Suppose that the leader dynamics are ẋ 01 (t) = x 02 (t) x 02 (t) = 0.05 sin(x 01 ) + sin(t) (19) and the dynamics of i-th follower are described as follows: 
where u s = 5, l f = δ 1 = 1, p k = 5, q k = 3, and β k = 1, k = 1, 2.
When S = 0, which means S = E 2 + β 1 CE q 1 /p 1 1 , then, E 1 and E 2 will get to zero in finite time. And the settling time on the terminal sliding mode surface is bounded by T ≤ y 1 (0) 1−q 1 /p 1 β 1 (1−q 1 /p 1 ) . Fig. 4 and Fig. 5 show the results of the proposed consensus control in (19) (20) (21) (22) . It can be seen that the followers can track the leader in a finite time under the noisy condition.
VI. CONCLUSION
This paper has solved the robust distributed finite-time consensus of second-order multi-agent systems via pinning control. A new nonsingular finite time TSM control method is proposed for second-order single system with disturbances. By using pinning error functions, the robust distributed finite time consensus of second-order multi-agent systems can be achieved.
